In this paper, we investigate the Duffin-Kemmer-Petiau (DKP) equation for spin-zero system of charge-free particles in the background of a flat class of Gödel-type space-times, and evaluate the individual energy levels and corresponding wave-functions, in details.
Introduction
The spin-0 and spin- 1 2 particles with or without interactions have been extensively studied in relativistic quantum mechanics. However, one can use the Duffinn-Kemmer-Petiau (DKP) equation [1, 2, 3, 4] which provides a good theoretical basis for spin-0 and spin-1 particles. The DKP equation is a direct generalization to Dirac equation of integer spin in which we replace the gamma matrices (γ) by beta matrices (β µ ). This equation has been studied in atomic and condensed matter physics [5, 6, 7, 8, 9, 10, 11, 12, 13, 14] . The DKP equation under different kind of potentials have been studied by various authors [15, 16, 17, 18, 19, 20, 21] .
The relativistic DKP equation for spin-zero particle is given by [1, 2, 3, 4] (i β µ (x) ∂ µ − m) Ψ = 0 (h = 1 = c),
where β j (j = 0, 1, 2, 3) are the DKP matrices which satisfy the commutation relation β µ β ν β λ + β λ β ν β µ = g µν β λ + g λν β µ .
The set of flat beta (β a ) matrices are 
Recently, Hassan et al studied the DKP equation in a class of spherical symmetry Gödel-type space-time backgrounds [22] .
The general form of Gödel-type metrics in polar coordinates (t, r, φ, z) can be written as [22, 23] 
The necessary and sufficient conditions for Gödel-type solution (4) to be STH (space-time homogeneous) are given by
where the prime denote derivative with respect r, and the parameters (Ω, µ) are constants such that Ω 2 > 0 and −∞ ≤ µ 2 ≤ ∞. The parameter Ω characterizes the vorticity of the space-time. The general form of Gödel-type space-time representing surfaces of constant curvature with µ 2 < 0, µ 2 = 0, and µ 2 > 0 respectively a spherical symmetry, flat and hyperbolic cases [22, 23] . For vanishing vorticity parameter, Ω → 0, the space-time reduces to Minkowski metric in cylindrical coordinates (t, r, φ, z).
In the present work, we study the DKP equation for spin-0 system in a class of flat Gödel-type space-time background, and evaluate the energy eigenvalues and corresponding wave function.
The DKP equation in a Gödel-type metric
Consider the following stationary space-time [24] (see Refs. [23, 25, 26] ) in the coordinates (t, x, y, z) given by
where α 0 > 0 is a real number.
Using the condition (5) into the spae-time (6), we have α 0 = 2 Ω and µ = 0, which indicates the study space-time belong to a class of flat Gödeltype metrics [22, 23] . For Ω → 0, the study space-time reduces to Minkowski metric.
The metric tensor for the space-time (6) be
with its inverse
In order to work with spin-0 scalar particles by solving the DKP equation, let us define the local reference frame via a non-coordinate basisθ a = e a µ (x) dx µ , where the components e a µ (x) are called tetrads and satisfy the relation [27, 28, 29, 30] :
where η ab = diag(−, +, +, +) is the Minkowski tensor. The inverse of tetrads is defined as dx µ = e µ a (x)θ a , where the following relations must satisfy:
Observe that the indices µ, ν indicate the space-time indices, while a, b = 0, 1, 2, 3 indicate local reference frame indices. For the space-time (6), the corresponding local reference frame can be written in the form:
so that the line-element is define as
Thus the tetrads e µ a and e a µ for the space-time (6) is
The spin connections ω µ ab , and the Christoffel symbols Γ σ µν for the above space-time are given in Ref. [23] . The non-vanishing component of spinorial
The kemmer matrices β µ (x) = e µ a (x) β a in the curved space-time are
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The DKP equation in curved space is given by
where β µ (x) and Γ µ (x) are derived above. We have
Since, the given metric (6) is independent of t, y, z. Suppose the general wave function to be
where E is the energy eigenvalues, and l, k are the constants. Substituting the above ansatz (18) into the Eq. (16) and using (17), we obtain the following set of differential equation:
in which a prime means ordinary derivative w. r. t. x. The above Eqs.
(20)-(23) can now be express as
Substituting the above Eqs. (24)- (27) into the Eq. (19), one will obtain the following second order linear differential equation for ψ 1 (x) :
where a = 3α 2
Let us substitute
into the Eq. (28), we get the following differential equation
where
The above Eq. (31) can be express as
Replacing
into the Eq. (33), we obtain
Again replacing s into new variable r by
into the above Eq. (35), we get
where ǫ = D √ A . The Eq. (37) is similar with the harmonic oscillator equation, therefore, the energy eigenvalues equation :
where n = 0, 1, 2, 3, 4, ......... Substituting the various quantities, we get the energy eigenvalues E n,l associated with n th radial modes:
where we define
The corresponding wave functions are given by
where |N| = √ 3 Ω √ π 2 n n! is the normalization constant and H n (x) are the Hermite polynomials and define as
Therefore from Eqs. (24)-(27), we have
Therefore, we have the general wave function Ψ n (t, x, y, z) = 1 m e i (−E n,l t+l y+k z)
(47)
It is worthwhile mentioning in Ref. [25] that we have solved the Klein-Gordon equation on the same space-time (6) , and evaluated the energy eigenvalues (setting k = 0 = l) as follow:
E n,0 = (2 n + 1) Ω + (2 n + 1) 2 Ω 2 + m 2 , n = 1, 2, ....
For k = 0 = l from Eq (39), we have the following energy eigenvalues E n,0 = 6 Ω 2 (n + 1) + m 2 , n = 0, 1, 2, .....
It is clear from above that the energy eigenvalues (48) of a relativistic quantum scalar particle by solving the Klein-Gordon equation on the space-time (6) in Ref. [25] are different from the eigenvalues (49) obtained here. Another important difference is that for the Klein-Gordon equation, the ground state energy eigenvalues are obtained by setting n = 1, and the ground state energy levels are E 1 = 3 Ω + √ 9 Ω 2 + m 2 . Whereas for the DKP equations, the ground state energy eigenvalues are obtained by setting n = 0, and the ground state energy levels are E 0 = √ 6 Ω 2 + m 2 .
Let us study the eigenvalues Eq. (39) and corresponding wave functions Eq. (47) one by one. We have set the constant k = 0.
(i) n = 0 : E 0,l = ±η 3Ω 2 (1 + η) + l 2 + m 2 ,
(ii) n = 1 :
(iii) n = 2 : E 2,l = ±η 3Ω 2 (1 + 5η) + l 2 + m 2 ,
If one includes a non-minimal coupling (ξ) of the gravitational field with the background curvature, then the DKP equation in curved space is given by
where R is the Ricci scalar and ξ is a coupling constant. For the considered metric (6), we get the the following equations using (51) as:
where a, b, c are given earlier and
Following the same technique as done above, one can convert Eq. (56) into a harmonic oscillator equation. The energy eigenvalues are
From Eqs. (52)-(55) we have
And the general wave function
where ψ 1 n (x) is given by Eq. (47) . The eigenvalues and corresponding wave functions for n = 0, 1, 2 are given below (setting k = 0).
(i) n = 0 :
(iii) n = 2 : Eq. (63). We have seen that the presence of vorticity parameter (Ω), and the coupling constant (ξ) modifies the energy eigenvalues Eq. (58). Here also, we obtained the individual energy levels and corresponding wavefunction one by one by for n = 0, 1, 2 and others are in the same way.
In the context of quantum chromodynamics (QCD), Cosmology, and gravity and in many areas of physics, including those in particle and nuclear physics [31, 32, 33] , the DKP equation has been examined. Besides the importance of presenting an exactly solvable model in relativistic quantum mechanics in curved space-time, the present work may find some interesting physical applications and the results may be used to study quantum field theory in curved rotating space-time.
